
Journal of Chromatograph_v, 175 ( 1979) l-20 
0 Elsevier Scientific Publishing Company, Amsterdam - Printed in The Netherlands 

CHROM. 11,833 

IONIC FLUID STRESS EFFECT ON ELECTROOSMOSIS IN ELECTRO- 
PHORESIS 

T. W. NEE and R. C. HU 

Department of Physics, National Central Unirersitv, Chu&i, Taiwan 320 (Taiwan) 

(First received August 3rd, 1978; revised manuscript received January 19th, 1979) 

SUMMARY 

The electroosmosis effect in electrophoresis experiments has been investigated 
theoretically usitq multi-component fluid dynamics. The ionic fluid shearing stress 
effects and correct boundary conditions have been taken into consideration in order 
to obtain the solutions of the component fluid velocity profiles. Several model 
problems with different physical situations and boundary conditions are considered. 

INTRODUCTION 

The electroosmosis effect is an important phenomenon in eiectrophoresis ex- 
periments’--‘. Not only the charged mobile ions but also the neutral solvent fluid will 
move when an electric field is applied along the tube containing the fluid whose com- 
ponents are to be separated. With a long tube with open ends, the fluid will move in 
one direction: in a tube with closed ends it will circulates. This effect is due to the 
existence of charge on the tube wall, which induces a double layer in its neighbour- 
hood. When an electric field is applied tangential to the wall surface, there is a net 
tangential electric force acting on the charged fluid in the double layer, which causes 
the fluid to move. . 

A fundamental theory of electroosmosis was presented-by Nee”. The electro- 
phoretic system is considered as a system of a composite fluid: the neutral solvent 
fluid and a different ionic charSed fluid. These different fluids are described by a set of 
fluid dynamic equations coupled by the molecular interactions. The set of equations 
was derived microscopically and applied to a simple model system_ The relationship 
between the double-layer screenins length (A-‘), the velocity profiles of different fluid 
components and the electroosmotic pressure was derived. It was shown that the 
Poiseulle type of electroosmotic flow is a good approximation to the observations in 
real electrophoresis experiments. L . 

In the model calculation in ref. 5, the ionic-fluid shearing stress is neglected 
for mathematical simplification_ The ionic flow velocity will always have the form 
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where r+ and r,, are the velocity profiles across the tube and @fu’ are the ionic mobil- 
ities, E is the electric field alon_g the tube and f’ is the coordinate on the tube cross- 
section. Then there are no special boundary conditions for the calculation of I’&) 
and, with a closed-ended tube case, v+(r) wili never satisfy the mass conservation - . 
boundary condition, 

J l’i (1’) 9-v = 0 (2) 

In addition, with a rough-walled tube, the boundary condition 

1’, (iz_) = 0 (3) 

is never satisfied. It is then obvious that the solutions obtained by neglectins the ionic 
shearing stress are not exact. 

In this paper, we present a formal theory with the ionic-fluid shearing stress 
et-feet considered. The velocity profiles of different component fluids are calculated. 
for simple calculation, we chose the same model and geometry of the system as those 
used earlier’, which helps us to understand not only the detailed fluid behaviours but 
ako how the solution will reduce to the result in ref. 5 in certain limiting situations. 

The general theory is presented in the nest section. The multi-component 
viscous fluid dynamic equation is solved in order to obtain a general solution. The 
velocity profiles for different physical situations are calculated and discussed in later 
sections. 

GENERAL THEORY 

We consider a solution system with A’, B- and solvent molecules Co in an 

electric field E. There are three kinds of fluids, which are described by the density 
function n,(rf t) and fluid velocity r;h (< t) (U = T, -. 0 for A’, B- and Co, respec- 
tively). They satisfy the equation of continuity 

a - ‘I, (r7 t) 7 F-[n, (rf t) ic (E t‘: - 0 at 

and the equation of motion 

where the terms on the right-hand side are the force densities on the fluid of type CC due 

to different sources: qnlrnE is the electric force density, - 5ndL’=frp (F= - 1’;) the-, 
frictional force due to fluid of type $ and the last three terms are the self-stress forces. 
P, is the partial pressure of component fluid CC. 
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For a simple demonstration of the electroosmosis effect, we consider a cell 

system bounded by two planes at y = + L. The external electric field > = [E, 0, O] 
is applied in the s-direction. We assume that the length _J_Y and widthd z of the cell 
are so large that we can neglect edge effects, i.e., we consider the fluid behaviour at a 
position far from the two edges. In the steady state, the velocities are in the s-direction 
and will have spatiat y-variation only: 

7 la = [Va (_I.), 0. C] (c: = +, -* 0) (6) 

Then eqn. 5 has the equilibrium form 

4&Z - BE= Sa$lnIlp (;a - ;.‘p) - FP, f qaypa = 0 
f 

(7) 

In the presence of the electroosmosis effect, it is assumed that charges exist on 
the walls of the system. Owing to the electric attraction and repulsion between ions 
A’, B- and the walls, the ionic charges are redistributed in the neighbourhood of the 
wall and form a double layer there. In our model. the equilibrium densities have the 
form 

II * = ;I& (‘) (8) 

and if we neglect the electric interactions between the charged walls and the neutral 
solvent molecules (for instance, the electric dipole-quadrupole interactions) we have 

12~ = constant (9 

and the electric charge spatial distribution 

ee (1’) = e[rz, (J9 .- ?I- (y)] (10) 

by assuming that the electric charges of A’ and B- are L-e and -e, respectively. 
Following the earlier discussion5 we finaliy have the s-component equations 

(+eE - $+no [1’* (1’) - r#J (_I.)]) iI& (?:) + q-‘.-c” (_I.) - P,, = 0 (11) 

- 

and the J.-component equations 

Teeg’ (1.) n,(V) - x-,7-/1*’ (_V) = 0 - - 

ape o --= 
aI, 

where 

- I-0 (y)]]- ?I() A- ‘joVo” (_I*) - PA = 0 (12) 

(13) 

(14) 

aPa 
PX, = 7 (15) 
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is the pressure gradient of the component, (r(y) is the screening potentia1 due to the 
double layer ionic charge, and satisfies the Poissons equation 

CE” (J’) = -4-z 0, (J)/& (16) 

and P is the dielectric constant of the solvent fluid. 
Eqn. 13 can be solved to give 

For a high temperature limit, X_T < 1, 
B 

ni:(y)~.z, IV&-v(y)] 1 B 

and 

0, (Y) 
~ 2w” _ 

k,T 
y (,,I 

Then the Poisson equation (eqn. 16) can be solved to give 

(17) 

(18) 

(1% 

(20) 

where 

i.,-’ is the Debye screening length of the charged fluid. c/~= g.(L), the potential at the 
wall of the ~11, and 1~~; is called the zeta potential of the wall. yr. is negative if we 

‘assume that the wall charges are negative (see Fig. 2 in ref. 5). 
For mathematical convenience, we define the composite-fluid velocity 

and the component relative ionic fluid velocity 

f+ (1’) = v* (_I,) - I’0 (_v) (23) 

Then the fundamental equations of motion (eqns. 11 and 12) can be transformed into 
the equations of motion for V and f, : 
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where 

(26) 

is the total pressure gradient along the tube. 
The mathematics of solving eqns _ 24 and 25 are given in the Appendix_ The 

general solutions are 

P,L’ V(_f) = r - _p - cash (&L-t) I c 

~lol’s cash (i.,L) 

c)L zzc -__- 

k,T 
is the fluid charge at the walls 

Q-1 = u - (“;+’ I,;_2j . u-1 

1 1 . eEn 
- -_- -_ 

J&&c 
- Pr+ P X0 

‘I l 'IO 'I + 

1'S 1 1 eEn, - - 
‘] - 

Pr- --_PrOT 
‘IO 

-4 ‘91 - 1 
I. 

P ri, Pxo, A,, A_ and C are constants to be determined by suitable boundary condi- 
tions. We shall use these results to discuss several special experiments in the followin,o 
sections_ 
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ELECTROOSMOSIS EFFECT IN AN OPEN-ENDED TUBE WITH ROUGH WALLS 

From the definitions in eqns. 22 and 23, the velocity properties of three corn--Ï 
ponent fluids are 

Because the two ends are open the pressures at the two ends are equal to the 
external atmospheric pressure. In addition. because of the geometry symmetry, the 
partial pressure gradients are vanishing, i.e., 

P,, = P,, = 0 

From the roush-walled boundary condition 

1’0 (L) = r+ (L) = 0 

we have 

V(l) -f+(l) =j_(l) = 0 

Then the constants C. LA + and ,-I _ are determined. and we obtain the solution 

F(T) zzz 1 - 
cash (i.,LJ) 

cash (2.J) 

(31) 

(32) 

(33) 

where 
(34) 

are the electric mobilities of the two ions A’ and B-. 
Substituting eqns. 33 and 34 into eqns. _ 79 and 30, we can calculate the velocity 

prcfiles of the three component fluids. For numerical calculations, we choose 
{’ i (O’ E = 1.~12, i.e., p?(O) = 

ent 
,uJ2. and ~j+ = jj_ = 0.01 jjO_ The behaviours for differ- 

values of i.,L are sho\vn in Fig. 1. We find that the neutral fluid velocities r. 0.) 
are approximately the same as that lvhen the ionic shearing stress is neglected 

O/i = )j_ = 0) (Fig. 3 in ref. 5). However, the ionic fluid velocities lEi (_I*) are differ- 
ent. This shows that the apparent ionic electric mobilities defined by c 
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. 
Fig. 1. Electroosmosis effect in an open-ended tube with rough walls. Velocity profiles of component 
fluids, positive and negative ion flow and neutral solvent flow. Results with different V&J~S of the 
screening parameter i.,L (2, 5. 10 and 100) are shown. 

is different from the result (eqn. 43 in ref. 5) obtained by neglecting the ionic shearing 
stress effect. For quantitative comparisons, choosing 1,L = 10, we make numerical 
calculations for different values of the ionic shearing viscosity: ?]+/?]O = 10er, 10SL 
and 10B6. The results are shown in Fi_g. 2. We find that the component fluid wiI1 
approach the case PI+ = 0 (Fi_g. 3 in ref. 5) in the small I]J?~, limit. In addition, we 
find that for ~1+/~~0 < 10e6, the fluid will essentially approach the Iimiting case 11~ = 0. 
The only appreciable difference comes from the double-layer region with thickness 
i.,-’ about the wall. For a typical electrophoresis system, A,-’ = 10e6 cm and ?I~/ 
110 % 10d9 (ref. 5). Then it is an excellent approximation to neglect the ionic-fluid 
shearing effect except in the double layer region which is very close to the tube wall. 
The solvent will move at constant velocity 

where IV,, is the electroosmotic velocity_ 

ELECTROOSMOSIS EFFECT IN A CLOSED-ENDED TUBE 

In a closed-ended tube, the fluid pulled by the electric field E near the wall 
cannot keep its forward motion everywhere across the tube cross-section. The fluid 
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Fig. 2. tonic-fluid effect of electroosmosis in an open-ended tube with rough walls. Results with 
7 P~~/Q, = lo--, 10e4 and 10Wb are shown. 

will be pushed back by the end-walls and a counter flow is formed at the centre5. We 
assume that the tube is very lon,, 0 so that we can neglect the end effect when we are 
considering the l&rid far from the ends. Owing to the mass conservation of component 
fluid at any cross-section, instead of eqn. 31 we have the boundary conditions 

).I I-,, (y) d_r = 0 
-L- 

(37) 

for solvent fluid and 

_,iL vi Cy) dy = 0 (38) 

for ionic fluids. 
Another boundary condition is due to the tube-wall condition. We consider 

two limiting cases: a roush wall and a smooth wail. 

If the wall is so rough that all fluids cannot move there, the rough wall bounyd- 
ary condition is 

l-=(-&L) = 0 (cc = 0, 4. -) (3% 
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From eqns. 27-30 and 37-39, we obtain the solution -. 

and the pressure gradients 

(42) 

for neutral solvent fluid and 

for ionic fiuids. Note that in most practical cases, A,L z+ 1 and qir/qo << 1 (ref. 5), we 
have 

vo(y) .w +3y - 1) (W 

where the electroosmotic velocity is 

By choosing qt/qO = q-/q0 = lo-‘, the numerical result is as shown in Fig. 3. 

Fig. 3. E!ectroosmosis effect in a closed-ended tube with rough walls. The velocity profiks of the 
neutral soivent and ionic fluids are the same. Results with different values of the screening param- 
eter J.& (2, 5, 10 and 100) are shown. qs/qO = lo-’ and vor = v,. 
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The smooth-walled cell 
If the wall is perfectly smooth with respect to the three component fluids, their 

stress at the wall will vanish, and instead of eqn. 39 we have 

\‘,I’ (&L) = 0 (46) 

All other boundary conditions are the same as for the rough-walled cell. The 
results are 

‘-0 (_d = 1’+ (J9 = I’- w = 1 , ,‘, KjY-, ‘j_,,, 

-7 + I 0 

V(_J+) _ 
1‘S 

P(F) = g - tanh (i.,t) (_C’ - f, T 

t & - tanh (i.,L) - 
cos h (&L-F) 

-5 cash (i-J) 

and the pressure gradients are 

9x0 = 
1 0L.E 

1 - ~~tl~l0 T ‘I-l’10 
- .=-- - tanh (1.J.) 

2.J 

and 

(47) 

(48) 

(4% 

In practica1 cases, i.,L >> 1 and ~qk/qo < 1. At locations not very near to the tube 
walls, r. (J,) 2 (~,,/2) (3_C2 - 1) with the electroosmotic velocity Y,, = I’~ - &L/3_ By 
choosing lj+//jo = lo-‘, the numerical results are as shown in Fig. 4. 

c 

Fig. 4. Electroosmosis effect in a closed-ended tube with smooth walls. The parameters chosen are 
IJ~!I],, = IO-', i.,L = 2, 5. 10 and 100 and voJ = r,i.,Li3. 
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Comparing Figs. 3 and 4 in this paper with Figs. 4 and 5 in ref. 5, respectively; 
we find that the neutral solvent fluid has the same velocity profile shape except for a 
reduction in magtitude by a factor (1 + I~+_/)~~ f ?j_/tio). However, the ionic fluid 
motions are different: their velocity profiles in Figs. 4 and 5 in ref. 5 are wrong: the 
ionic fluid should move together with the solvent fluid. 

The pressure gradient results in eqns. 42, 43, 49 and 50 can be understood as 
follows. When the tube is closed, the end walls will make a counter pressure to 
balance the electric force (Fe En,) and an additional mechanical force ~~~~~~~~ - P,,) 

to push back the ionic fluid. For a neutral solvent fluid, only mechanical force P,, is 
necessary_ 

PRACTICAL SYSTEMS 

Electrophoresis is a special technique for separating the charged component 
fluids according to their different mobilities. Usually, the mixture of ions to be sep- 
arated occupies a small portion in a long electiophoresis tube. In a practical situation, 
the closed-ended boundary condition in eqn. 38 for ionic fluids is not satisfied, despite 
the fact that the tube is closed, and eqn. 37 for the neutral solvent fluid is always 
satisfied. In this situation, eqn. 38 should be repraced with 

P -0 Xf - (51) 

i.e., the ionic fluids cannot “see” the closed ends because they are far away. 
We discuss the characteristics in three cases below. 

As the first example, we consider the case of a rough walled cell. The compo- 
nent fluid profiles I’,, and l’+ are given by eqns. 29 and 30, and - 

(53) 

where 

PSI_’ 
- = 3 [l - tanh (i.,L)/(i.,L) - fi]/(l + 37) 
1101'5 

tanh E+/E+ 
o 

tanht_jt__! L7-1l ‘-’ tij 
(56) 
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&L=lO A: v+(yVvos 

f 

B : r(yVvo, 

1.0 c : vo~y)‘vos 

(9) lb) 

Fig. 5. Electroosmosis effect in a long closed-ended tube with rough walls. Ionic fluids occupy finite 
space and cannot %ee” the closed ends. I)+/Q = IO-‘. (a) Neutral solvent fluid profiles; (b) three 
component Auid profiles for i.,L = 10. 

By choosing ai_ilt10 = lo-‘, the characteristic behaviours are as shown in Fig. 5. We 
find that the neutral fluid profiles (Fis. 5a) are approximately the same as that 
obtained by negtectin, m the ionic shearing stress (Fig. 4b in ref. 5). The ionic fluid 
profiies are shown in Fi,o. 5b. 

To demonstrate the ionic-shearing effect, we show the results for II+/Q, = IO-’ 
and IOF in Fig. 6. For a larger ionic-shearing stress (larser I~J&), the ion% fluids will 
couple strongly and tend to move together (ix., the second term in eqn. 53 vvill 

k,L=lO A : vJy)/v,s 

2,/7,=loL 2,/%=106 B: vO(yYvOs 

(al (bl 

Fig. 6. Ionic-shearing stress effect for the same system as in Fig. 5. i.,L = 10. (a) qi/qu = lo-‘; (b) 
‘]J’lo = 10-6. 
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contribute more significantly). We find that Fi_g. 4a in ref. 5 is essentially the small 
b~Je,j,, limit of this case. This is not related to the rough-walled cell case in the last 
section. 

We consider next the case of a smooth-walled cell. The results are 

1 _p,L’ 
P(j) = z 

( 
1. 

‘lops 
.,1’ - -) f tanh (2-J) cash (i.,L_F) 

3. i.,L - cash (d,L) -T- 

and 

where 

q,L’ 
- = l.,L tanh (7.J) 
~~)101’S 

(57) 

(58) 

We find that, at the small //J/lo limit, eqn. 57 is identical with eqn. 45; thus the 
neutral fluid profile I’~ (J) is not afiected by the open-ended boundary condition of 
v_; (1.). However,f+ = vi - r. are non-zero constants. Then the charged fluids will 
move differently from the neutral solvent fluid owins to the open end. Choosing 
))i/))o = IO-‘, the characteristic behaviours are as shown in Fig. 7. To demonstrate 
the ionic-sheaiinp stress effect, for i.,L = IO, the results for j~+/~l~ = 1O-q and low6 

Q= 2.5.10.20.100 

(al Ibl 

Fig. 7. Electroosmosis effect in a long closed-ended tube with smooth walls. 101%~ fluids occupy a 
finite region and cannot “see” the closed ends. TI~/Q = lo-‘. (a) Neutral solvent fluid profiles: (b) 
three component fluid profiles for i.,L = 10. 
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A: v+(yVv,, 

A,L=lO 6 : vo(yl/v,, 

‘I+/ && c: v-(Y)/V,, 

1 

Ial Ib) 

Fig. S. tonic-shearing stress effect for the same system as in Fig. 7. 

are shown in Fig. S. For a larger ionic-shearins stress (larser ,I]&,), the ionic fluids 
will couple strongly and tend to move together. The first term of eqn. 58 will con- 
tribute more significantly. We find that Fi g. 5a in ref. 5 is essentially the small qJt10 
limit of this case. This is not related to the smooth-walled cell case in the last section. 

Mix-et/ case 

In addition, the ionic concentrations are usually so small that the frictional 
forces bet\veen the \valIs and the ionic fluid may be small in comparison with that of 
neutral solvent fluid. Therefore_ it would be interesting to study the case when the 
kvall will be smooth towards ionic t7uids but roush to the neutral solvent fluid, i.e., the 
boundary conditions are 

I’* (&I.) = 0 

and 

I’*’ (&IL) = 0 

Then the results are 

V(f) = ; . q,L’ . _F’ - cash (j&i) c -A -2 
‘101’S cash (2.J.) 

y(_r) =z If/ -- (i.,f. tanh i.,L - 5) :.: 
\ 

:.; u( 
cash e+_P/e+ sinh C+ 

0 cash E___?/:_ sinh .E_) u-’ (:I 

(59) 

(60) 
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where 

P,L’ _ = 3 [l - tan (&L)/(?,L.)] t y&L tanh (i.,L) 

‘101’, 1+--y 

(63) 

y = 3 (EL - 3) (64) 

ctnh E+/E+ 
0 ctnh z__/,_) U-’ (::I (65) 

(66) 

It can be calculated that the electroosmotic velocity s,, is v,, the same as the 
case for rough-walled and closed-ended tubes. 

By choosing ,qJqo = lo-‘, the fluid profiles are as shown in.Fig. 9. Because 
the wall is smooth, the ionic fluids are strongly coupled and nearly move together. 

‘z,/ 20 

A,L=2.5.10.20.100 

Fig. 9. Electroosmosis effect in a long closed-ended tube with walls rough to neutral sohfent fluid 
and smooth to ionic fluids. Ionic fluids occupy a finite region and cannot “see” the closed ends. 
ql+i’qu = lo-‘. (a) Neutral solvent fluid profiles; (b) thrtr component fluid profiles for i_,L = .lO. 

The ionic-shearing stress effect is shown in Fig. 10. We find that Fig. 4a in ref. 5 
is also the small .q+/q,, limit of this case. 

We find that-the higher value of L,, the larger is the electric force which causes 
the electroosmotic effect and then the higher are the ionic fluid velocities. Because we 
assume no frictional force between the walls and the fluids, also there is no counter 
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XsL=lO A : v+(y)/ vos 

Fig. IO. Ionic-fiuid effect for the same system as in Fig. 9. 

pressure to push the ionic fluid back, and then the ionic fluid velocities increase very 
rapidly as I., increases, i.e., the electric force due to the double layer becomes larger. 
This is snown in Fig. 11. Then the closed-ended tube with the rough-walled case in 
ref. 5 is not the limiting case of this calculation. 

247, =,d2 
V+(Y)/Vos v-(yVvfJs 

+ _s. -1.0 0 1.0 L *iGiGiGz . 
-1.0 0 1.0 ‘YjL 

Fig. If. Double-lager etfect for the same system as in Fig. 9. 

DISCUSSION 

We have formally solved the problem ofelectroosmosis with the consideration 
of ionic-fluid shearing stress, which was neglected in a previous paper’. The ionic-fluid 
profiles r% have been calculated Lvith corrected boundary conditions_ The exact ‘* 
solutions are obtained by means of eigenvalue formulism in matrix form (see 
Appendix). 
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We have considered six cases with different boundary conditions: 
(i) open-ended tube, rough walls to all three component fluids: 
(ii) closed-ended tube, rough walls to all three component fluids; 
(iii) closed-ended tube, smooth walls to all three component fluids; 
(iv) closed-ended tube, rough walls to the neutral solvent fluid, but open 

ended with rou_eh walls to both ionic fluids; 
(v) closed-ended tube, smooth walls to neutral solvent fluid, but open-ended 

with smooth walls to both ionic fluids; 
(vi) closed-end tube, rou_gh wall to solvent fluid, but open-ended with smooth 

walls to both ionic fluids. 
In the limit i,L +- 03, v+/Q, +- 0, cases (i), (iv) and (v) will approach to the 

results in ref. 5 except at the double-layer region near the wall. This is correct because, 
in ref. 5, the boundary condition of ionic fluids at the wall was neglected and an in- 
correct solution was obtained. By including the ionic-shearinp stress effect and the 
corrected boundary condition for ionic fluid, we 
double-layer region near the wall. 

In order to obtain an analytical solution, we 

obtain consistent results in the 

have made the approximation 

(67) 

in the calculation off, = Y, - I’~_ This is a good approximation except inside the 
double layer near the wall (see Fig. 2a in ref. 5). In practice, as the double-layer retion 
is very small, we expect that this would be a good approximation_ However, this effect 
can be calculated by means of a perturbation approach. It is expected that the profile 
will be distorted in the double-layer region and does not change the ‘fundamental 
characteristics appreciably_ 

It is interesting to study this ionic fluid effect experimentally. Up to now, only 
the solvent fluid motion has been observedl.J. Component fluid motion has never 
been observed or studied experimentally_ One possible situation is that similar to the 
case of a closed-ended tube with roush walls where all component fluids move to- 
zether. However, other cases are also possible. Hence it is one purpose of this paper 
to draw attention to the need to desin suitable experiments in order to observe the 
ionic fluid effects. Possibly some solutions with different ions of different colours 
will be suitable for the experimental system:. 

Because of the friction between component fluids, Joule heat would be gener- 
ated, associated with the electric currents due to the moving charged fluids. This 
effect will cause temperature inhomoseneities across the tube cross-section. The 
assumption of homogeneous temperature in this paper therefore should be modified, 
and this aspect will be discussed in subsequent papers. 

APPENDIX 

Mathematics of solving the component &id equations 
To obtain V(J), we substitute eqns. 19 and 20 into eqn. 24, and s&e by 

simple integration : 

cash (&Y) + C, 
cash (&L) 

(A-1) 
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where 

(A-2) 

and . 

(A-3) 

is the charge concentration at the tube centre (y = 0). Here we have used geometric 
symmetry: V(x) and I+ (1.) are even functions of y_ 

For mathematical simplification, we define the dimensionless quantities 

V(j) = V(_l’)/V, (A-4) 

Then the solution A-l can be rewritten as 

P_,L' V’(F) = __ - cash (i.,L_F) 

%J”S ” - cash (i.,L) 
Y-C 

where C is a constant to be determined by the boundary conditions. 
To obtainf, (_I.). we define the matrix 

In practice, we consider the high temperature limit 

(A-7) 

(A-8) 

CA-91 

(A-10) 

For mathematical simplicity, we neglect the spatial variation of ionic concen- 
tration in eqn. 18, 

and from eqns . 25 and A-9 \ve have the diKerentia1 equation for f(T): 

(A-12) 
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where 

R = ( p+ -Po -9+ LL 
P- -pofq_ iy ) 

- 1 

(A-13) 

(A-14) 

(A-1 5) 

(A-W 

(A-17) 

(A-18) 

To solve eqn. A-12, we first solve the following eigenvalue equation 

QCC=E~CZ 

We obtain the eisenvalues 

(A-19) 

2= -.----7 

&c $2, -+ o_ + l/(0, - o-p- i- 4s,s-1 

and the eigenvectors 

( Et 
2 - Q- ) ( 

s- 
a? += s+ ; u_= 

-Et2 t Q_ 1 
Then if we define the matrix 

u = (u+, u-1 = (&+y O- _f; Q_) f 
we have 

Q = u(EO+l ,“?) u-1 

Then eqn. A-12 can easily be solved, and we obtain the solution 

(A-20) 

(A-21) 

(A-22) 

(A-23) 

(A-24) 

where A + and A _ are constants to be determined by the boundary conditions. 
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