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SUMMARY

The electroosmosis effect in electrophoresis experiments kas been investigated
theoretically using multi-component fluid dynamics. The ionic fluid shearing stress
effects and correct boundary conditions have been taken into consideration in order
to obtain the solutions of the component fluid velocity profiles. Several model
problems with different physical situations and boundary conditions are considered.

INTRODUCTION

The electroosmosis effect is an important phenomenon in electrophoresis ex-
periments' . Not only the charged mobile ions but also the neutral solvent fluid will
move when an electric field is applied along the tube containing the fluid whose com-
ponents are to be separated. With a long tube with open ends, the fluid will move in
one direction; in a tube with closed ends it will circulate®. This effect is due to the
existence of charge on the tube wall, which induces a double layer in its neighbour-
hood. When an clectric field is applied tangential to the wall surface, there is a net
tangential electric force acting on the charoed fluid in the double layer, which causes
the fluid to move.

A fundamental theory of electroosmosis was presented by Nee®. The electro-
phoretic system is considered as a system of a composite fluid: the neutral solvent
fluid and a different ionic charged fluid. These different fluids are described by a set of
fluid dynamic equations coupled by the molecular interactions. The set of equations
was derived microscopically and applied to a simple model system. The relationship
between the double-layer screening length (A1), the velocity profiles of different fluid
components and the electroosmotic pressure was derived. It was shown that the
Poiseulle type of electroosmotic flow is a good approximation to the observations in
real electrophoresis experiments. LY

In the model calculation in ref. 5, the ionic-fluid shearing stress is neglected
for mathematical simplification. The ionic flow velocity will always have the form

ve () =) Q@ E ‘ )
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where v and v, are the velocity profiles across the tube and u‘® are the ionic mobil-
ities, £ is the electric field along the tube and y is the coordinate on the tube cross-
section. Then there are no special boundary conditions for the calculation of v (y)
and, with a closed-ended tube case, v.(3y) will never satisfy the mass conservation
boundary condition,

[ dy =0 @)

— LY

In addition, with a rough-walled tube, the boundary condition
vo(=L)=0 (3)

1s never satisfied. It is then obvious that the solutions obtained by neglecting the ionic
shearing stress are not exact.

In this paper, we present a formal theory with the ionic-fluid shearing stress
effect considered. The velocity profiles of different component fluids are calculated.
For simple calculation, we chose the same model and geometry of the system as those
used earlier”, which helps us to understand not only the detailed fluid behavicurs but
also how the solution will reduce to the result in ref. 5 in certain limiting situations.

The general theory is presented in the next section. The multi-component
viscous fluid dynamic equation is solved in order to obtain a general solution. The
velocity profiles for different physical situations are calculated and discussed in later
sections.

GENERAL THEORY

We consider a solution system with A*, B~ and solvent molecules C° in an

clectric field E. There are three kinds of fluids, which are described by the density
function nq(r, t) and fluid velocity ¥q (5, t) (¢ = +, —, 0 for A*, B~ and C°, respec-
tively). They satisfy the equation of continuity

% (r-t) — 7-a(r. ) va (1>, =0 4)

and the equation of motion

o | - __ - — . - -
Mg [—— -+ vg- \./] va(r, 1) = gagE — X Epphong (va — vg) —
at Bra
- : 1 .
— TPu = 7T e~ (va £ 37a) T (7 V)

&)
where the terms on the right-hand side are the force densities on the fluid of type « due

to different sources: gan.E is the electric force density, — Eagnang (Vg — ¥3) the,
frictional force due to fluid of type g and the last three terms are the self-stress forces.
P, is the partial pressure of component fluid «.
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For a simple demonstration of the electroosmosis effect, we consider a cell

system bounded by two planes at vy = 4- L. The external electric field £ = [£, 0, 0]
is applied in the x-direction. We assume that the length Ax and width = of the cell
are so large that we can neglect edge effects, i.e., we consider the fluid behaviour at a
position far from the two edges. In the steady state, the velocities are in the x-direction
and will have spatial y-variation only:

¥a = [va(3),0.0] (¢ =+, —.,0) (6)
Then egn. 5 has the equilibrium form

ganaE — BE Eaghatig (va — vg) — TPa + 11a7a =0 (7)
=a

In the presence of the electroosmosis effect, it is assumed that charges exist on
the walls of the system. Owing to the electric attiaction and repulsion between ions
A7, B~ and the walls, the ionic charges are redistributed in the neighbourhood of the

wall and form a double layer there. In our model. the equilibrium densities have the
form

ny = iy () 3)

and if we neglect the electric interactions between the charged walls and the neutral
solvent molecules (for instance, the electric dipole-quadrupole interactions) we have

n, = constant C))
and the electric charge spatial distribution
0. () =eln. (3) —n_ (] (19)

by assuming that the electric charges of A* and B~ are e and —e, respectively.
Following the earlier discussion’ we finally have the x-component equations

{2eE — 5. ng vy () —vo O N () + 0av," () — Pre = O a1
Eans ve ) —vo (] = S_n_[v_ () — vo (D]} 10 + 1ove” (¥) — Peo =0 (12)

and the y-component equations

Feq (1Y n(3) — kT (3) =0 _ 13
_9P _, (14)
ov -
where
P = 2L (15)
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is the pressure gradient of the component, ¢()) is the screening potential due to the
double layer ionic charge, and satisfies the Poissons equation

7" () = —4zo.(¥)/e (16)

and ¢ is the dielectric constant of the solvent fluid.
Eqn. 13 can be solved to give

_— e

ne () = n, e ko7 i (17)

For a high temperature limit, rer () <« 1,
kT
- € . . B ‘

ny (3) ~ n. [I T T ? (})] (18)
and

0. () 2n.e? ) (19)

S gy
2. ¥ kol 28

Then the Poisson equation (eqn. 16) can be solved to give

) — o . SOS Ay 2

¥ () =¢L cos AL (20)
where

ie = V8an e kyT 2n

71 is the Debye screening length of the charged fluid. ¢ .= ¢(L), the potential at the
wall of the cell, and ¢, is called the zeta potential of the wall. ¢, is negative if we
‘assume that the wall charges are negative (see Fig. 2 in ref. 5).

For mathematical convenience, we define the composite-fluid velocity

V() =0 () v () v () (22)

o Mo
and the component relative ionic fluid velocity
fe() =v2() =% () 23)

Then the fundamental equations of motion (eqns. 11 and 12) can be transformed into
the equations of motion for ¥ and £, :

Vo(y) = ;— [Py — E0. (3)]

Yo

fi) =T eE - =

*

Pxi o PxO

-+ g [é:i-"i- (

(24)
)Dﬁw+%ﬁugﬁ
(25)
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where

Po=Po+ Py + P =[P+ P, +P_] (26)

is the total pressure gradient along the tube.
The mathematics of solving eqns. 24 and 235 are given in the Appendix. The

general solutions are

cosh (A.L{)

Vi = pITR R » G ¢ 27)
Foon _ (Jr OGN o n . gpqc0oshelF 00 Al
fG) = (f.. (_f')v) =—Q"R~ U( 0 cosh s_j-.) (A_) (28)

where
F=yL(—1<F<)
V) = Vv,
Fao () = fo G)/v,

o F

| ! —~
s — —— " =3~
Yo Ay

2n.e? (—qy) . ;
— (—9d) is the fluid charge at the walls

se kT
- l/e.* O _
Q t= U ( 0 I/s_-) U '
(&4 o_ S_
v= ( S, _€+2_Q—)
et = 1[0, ~ O = V(@) — 0¥ 45,5
1 o - eEn
R— Ll N Px+ Yo Pxo s
Vg 1 1 eEn,
Y- Px- Yo = - _‘
Yo i
Q: = (1+~)S :
S, = ngn, - Sx g2
o

P.., P, A., A_ and C are constants to be determined by suitable boundary condi-
tions. We shall use these results to discuss several special experiments in the following
sections.
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ELECTROOSMOSIS EFFECT IN AN OPEN-ENDED TUBE WITH ROUGH WALLS

From the definitions in eqns. 22 and 23, the velocity properties of three com-
ponent fluids are

V) —

1 b

I+ N o - . K
" S+ () - J-O)

?

1= yile — y-/e

14

vo (1) = (29)

and

V() = = yz/ne) fe () — (gz/1n0) f= (1) (30)

ve () = b — a0 — n-/no

Because the two ends are open the pressures at the two ends are equal to the
external atmospheric pressure. In addition. because of the geometry symmetry, the
partial pressure gradients are vanishing, i.e.,

Py =Pyp=0 (€19)
From the rough-walled boundary condition

(L) =vs(L) =0 _ (32)
we have

Py =7 =7 =0

Then the constants C, A, and A_ are determined. and we obtain the solution

- cosh (A,L¥)
V() = . S 3
() l cosh (Z4,L) (33)
s[4 _ g (COSh &, F/cosh e, 0 1] HOE/
£ = [1 Ul 0 cosh &_i/cosh s_>U ] (—y_““E/rs)
(34
where
12" = eings 35)

are the electric mobilities of the two ions A* and B~.

Substituting egns. 33 and 34 into eqns. 29 and 30, we can calculate the velocity
prcfiles of the three component fluids. For numerical calculations, we choose
W@ E =nv/2 ie, '™ = 2 and 5, = 5_ = 0.01 1. The behaviours for differ-
ent values of Z,L are shown in Fig. 1. We find that the neutral fluid velocities v, (1)
are approximately the same as that when the ionic shearing stress is neglected
(1j+ = 13 = 0) (Fig. 3 in ref. 5). However, the ionic fluid velocities v (3) are differ-
ent. This shows that the apparent ionic electric mobilities defined by v

e (W)= =rv. WE (36)
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Fig. 1. Electroosmosis effect in an open-ended tube with rough walls. Velocity profiles of component
fluids, positive and negative ion flow and neutral solvent flow. Results with different values of the
screening parameter A.L (2, 5. 10 and 100) are shown.

is different from the result (eqn. 43 in ref. 3) obtained by neglecting the ionic shearing
stress effect. For quantitative comparisons, choosing A, L = 10, we make numerical
calculations for different values of the ionic shearing viscosity: 7./, = 1072, 10~*
and 1078 The results are shown in Fig. 2. We find that the component fluid will
approach the case . = 0 (Fig. 3 in ref. 3) in the small 7 ./1 limit. In addition, we
find that for 1. (e << 1078, the fluid will essentially approach the limiting case 5, = 0.
The only appreciable difference comes from the double-layer region with thickness
4,1 about the wall. For a typical electrophoresis system, 4,7! =~ 107¢ cm and 7./
2o & 107% (ref. 5). Then it is an excellent approximation to neglect the ionic-finid
shearing effect except in the double layer region which is very close to the tube wall.
The solvent will move at constant velocity

I 0, FE
l‘() (}') x vu: = "‘s == =

o ’1-52

where v, is the electroosmotic velocity.

ELECTROOSMOSIS EFFECT IN A CLOSED-ENDED TUBE

In a closed-ended tube, the fluid pulled by the electric field E near the wall
cannot keep its forward motion everywhere across the tube cross-section. The fluid
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Fig. 2. lonic-fluid effect of electroosmosis in an open-ended tube with rough walls. Results with
1</ = 1072 10~* and 10~° are shown.

will be pushed back by the end-walls and a counter flow is formed at the centre’. We
assume that the tube is very long, so that we can neglect the end effect when we are
considering the fiuid far from the ends. Owing to the mass conservation of component
fluid at any cross-section, instcad of eqn. 31 we have the boundary conditions

L

’ p()dy =20 37

for solvent fiuid and

L

‘ v (3)dy =20 (38)

~ L~

for ionic fluids.
Another boundary condition is due to the tube-wall condition. We consider
two limiting cases: a rough wall and a smooth wall.

The rough-walled cell
If the wall is so rough that all fiuids cannot move there, the rough wall boung-
ary condition is

va (L) =0 («=0,+.-) 39
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From eqns. 27-30 and 37-39, we obtain the solution : -

V)
’ = vy == y_ = - 40
wO) = 0) =v_0) = P (20)
V) _ ey 3, tanh Gy cosh (4,Ly)
=T =3[ oo LG Ve e i “n
and the pressure gradients
1 30.E tanh (4,1)
P = “ Y > l - 42
o = T T 7T GR o “2)
for neutral solvent fluid and
Py =+enkE + 737 - Py 43)
o

for ionic fiuids. Note that in most practical cases, 4L > 1 and 7. /5, < 1 (ref. 5), we
have

1Y

=G - 1) (@4)

0 (1) ~
where the electroosmotic velocity is
Vos = Vs = 9 E[A 77, ; (45)
By choosing 5,/n, = 5_/n, = 1072, the numerical result is as shown in Fig. 3.
AL =2.510,20.100 A

s -2
R N | Ts Tp =10 00

= v_('j‘/ Yos

Fig. 3. Electroosmosis effect in a closed-ended tube with rough walls. The velocity profiles of the
neutral solvent and ionic fluids are the same. Results with different values of the screening param-
eter A.L (2, S, 10 and 100) are shown. n./n, = 107? and v,s = v;.
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The smooth-walled cell i
If the wall is perfectly smooth with respect to the three component fluids, their
stress at the wall will vanish, and instead of eqn. 39 we have
ve (£L)=20 (46)
All other b-oundary conditions are the same as for the rough-walled cell. The
results are
V()
o) =rvo. () =rv_(0Q) = — , 47
o0 ) A== el = 1-[1o “@n
V()') ISy }-SL . - ',,‘2 l )
= V(F) = 5 tanh (A,L) (,\ — 3’) -
. . __ cosh (A4,L])
by tanh (A,L) cosh (A1) (48)
and the pressure gradients are
1 o E .
P, = - = - tanh (AL 49
TS0~ Tl AL 0 @9
(50)

and
Y

P = LteEn. +

o

In practical cases, AL > 1 and 7./1, << 1. At locations not very near to the tube
walls, vo (3) & (v,5/2) (3F* — 1) with the electroosmotic velocity v, = v, - 4,L/3. By
choosing 7 ./1, = 1072, the numerical results are as shown in Fig. 4.

X4L=2,5.10,20,100
T 160

volyl/ vog=velylV vpe 1 PsrTo=1 dz
0s .

=v_(y)/ Vog

! 1 1 J_xy/
1.0t

Fig. 4. Electroosmosis effect in a closed-ended tube with smooth walls. The parameters chosen are
10-2, 2,L = 25,10 and 100 and v,, = v/, L/3.

ysin =
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Comparing Figs. 3 and 4 in this paper with Figs. 4 and 5 in ref. 3, respectively:
we find that the neutral solvent fluid has the same velocity profile shape except for a
reduction in magnitude by a factor (1 4+ 7./, = 2_/1,). However, the ionic fluid
motions are different: their velocity profiles in Figs. 4 and 5 in ref. 5 are wrong: the
ionic fluid should move together with the solvent fluid.

The pressure gradient results in eqns. 42, 43, 49 and 50 can be understood as
follows. When the tube is closed, the end walls will make a counter pressure to
balance the electric force (5¢ E n,) and an additional mechanical force (#74/20 - Pyo)
to push back the ionic fluid. For a neutral solvent fluid, only mechanical force P,, is
necessary.

PRACTICAL SYSTEMS

Electrophoresis is a special technique for separating the charged component
fluids according to their different mobilities. Usually, the mixture of ions to be sep-
arated occupies a small portion in a long electrophoresis tube. In a practical situation,
the closed-ended boundary condition in eqn. 38 for ionic fluids is not satisfied, despite
the fact that the tube is closed, and eqn. 37 for the neutral solvent fluid is always
satisfied. In this situation, eqn. 38 should be replaced with

P, =0 N 1))

i.e., the ionic fluids cannot ““see” the closed ends because they are far away.
We discuss the characteristics in three cases below.

Rough-walled cell
As the first example, we consider the case of a rough walled cell. The compo-
nent fluid profiles v, and v, are given by egns. 29 and 30, and

5oy PeL? 1P — 17 cosh (A4LF) “
e e e Y WA R >
= _ yr{Cc0sh e y/cosh e, 0 N
f® = [l A 0 cosh £_§/cosh e_) v ] -
o #L O C pl? PR _
-~ (—‘u_(o)E/PS) - oV o (I) (33)
where
P L? - - _ , -
L5 = 31— tanh L)L) — Al + 37) (54)
0*s
Y I PO 7 N tanh e_ /e, 0 _q L OE e
C ( Yo o ) [l U( 0 tanh 8_/6_)] v (—‘u-‘o’E) 3
P tanh €./e, 0 V=1l et B 56
7= ( Yo T o ) [1 o U(\ 0 tanh s_/s_,) v ] 0 (1) (56)
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{a) {b)

Fig. 5. Electroosmosis effect in a long closed-ended tube with rough walls. Ionic fluids occupy finite
space and cannot ‘‘see™ the closed ends. 13 /5, = 107%. (a) Neutral solvent fluid profiles; (b) three
component fluid profiles for 2. = 10.

By choosing # /15, = 1072, the characteristic behaviours are as shown in Fig. 5. We
find that the neutral fluid profiles (Fig. 5a) are approximately the same as that
obtained by neglecting the ionic shearing stress (Fig. 4b in ref. 5). The ionic fluid
profiles are shown in Fig. 5b.

To demonstrate the ionic-shearing effect, we show the results for 4 /1j, = 1077
and 10~%in Fig. 6. For a larger ionic-shearing stress (larger 7. /1), the ionic fluids will
couple strongly and tend to move together (i.e., the second term in eqn. 53 will

A L=10 Az vyl vy
Z:/’Z°=164 ’L:/zn :166 B: vo(yvvos
CovilylVvy

1+1.0

{al {b]

Fig. 6. lonic-shearing stress effect for the same system as in Fig. 5. 2,L = 10. (&) 5./n, = 107*; (b)
5./ = 1075,
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contribute more significantly). We find that Fig. 4a in ref. 5 is essentially the small
4=/t limit of this case. This is not related to the rough-walled cell case in the last
section.

Snrooth-walled cell .
We consider next the case of a smooth-walled cell. The results are

S L PL* . 1y  tanh(i,[) _ cosh (ALLY)
VN =5 oVs (-‘ 3) ' 7L cosh (Z,L)
Ny - -
- . 114 57
o =) 7
and
£rey — PXLz . —1 1y L A‘[+(O)E/"s -
f@=w= Vs 2 (l) ‘ (—‘u_“”E/:’) (58)
where s
P2 . .
T~ — AL tanh (i,L)
‘)]0\’5

We find that, at the small 1. /1, limit, eqn. 57 is identical with eqn. 48 ; thus the
neutral fluid profile v, (3) is not affected by the open-ended boundary condition of
v. (¥). However, f. = v. — 1, are non-zero constants. Then the charged fluids wili
move differently from the neutral solvent fluid owing to the open end. Choosing
11:/n0 = 1072, the characteristic behaviours are as shown in Fig. 7. To demonstrate
the ionic-shearing stress effect, for i, = 10, the results for N/t = 107% and 10°

)\SL=2.5,1O.20.100 XSL=10

Tos 7o =‘le

voly)/ v . | v (yl/v,.

Yos

-1.0

(a) {b)

Fig. 7. Electroosmosis effect in a long closed-ended tube with smooih walls. Toric fluids occupy a
finite region and cannot ‘'see’ the closed ends. 7. /5, = 10~2. (a) Neutral solvent fluid profiles: (b)
three component fiuid profiles for i,L = 10.
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A L=10 Biv,lyl v,
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M/ 75=10 7+/ 7410 C: volyl vy

(a) (b)

Fig. 8. lonic-shearing stress effect for the same system as in Fig. 7.

are shown in Fig. 8. For a larger ionic-shearing stress (larger 7. /1), the ionic fluids
will couple strongly and tend to move together. The first term of eqn. 58 will con-
tribute more significantly. We find that Fig. 5a in ref. 5 is essentially the small 5. /#,
limit of this case. This is not related to the smooth-walled cell case in the last section.

AMixed case

In addition, the ionic concentrations are usually so small that the frictional
forces between the walls and the ionic fluid may be small in comparison with that of
neutral solvent fluid. Therefore. it would be interesting to study the case when the
wall will be smooth towards ionic fluids but rough to the neutral solvent fluid, i.e., the
boundary conditions are

o (=L)=0

and

. I PL> cosh {~A,L1)

Oy — . LR - AR 59
ViR =5 cosn (i) € 59
f(_\’) = W - (7.SL tanh AL — Pl >
\ []O".\_ [V
COSh E.*.F/f..'. Sinh L O -1 '1
= T ‘ ) 60
Ul 0 cosh £_¥/e_ sinh e-) (1\) (60)
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where
PL? 3 [l —tan (A4L)/(AL)] + yA,L tanh (A1)

No¥'s 1 +7
C=1 —% . Zof o« (i.SL tanh AL — Z of) - ( 'l’]: , ’,7]: ) W (62)
w= o () < () 63
Yy =3(ec —p) (64)
@ = (—P,]]:— _',]7;—) U(,Ctnh(§+/8+ ctnhg_/e_) vt (h N (65)
p= (e o (V5 e () 6

It can be calculated that the electroosmotic velocity v,, is v., the same as the
case for rough-walled and closed-ended tubes.

By choosing 1./, = 1072, the fluid profiles are as shown in.Fig. 9. Because
the wall is smooth, the ionic fluids are strongly coupled and nearly move together.

-2
’Z.:/ ZQ =10
AL =2.5.10,20,100
V+(y)/vos
Vol vy .
I o v-{y)vog
-1 100
I 4
T -20
—+ 05 10
I
1 y 1
/L 1
+
305 +
T Yol¥) vos
B i R W arr T )
-1.0 10 1.0 1
(a) (b)

Fig. 9. Electroosmosis effect in a long closed-ended tube with walls rough to neutral solvent fluid
and smooth to ionic fluids. Tonic fluids occupy a finite region and cannot ““see” the closed ends.
y{ne = 1072, (a) Neutral solvent fluid protiles; (b) three component fluid profiles for 4,L =-10.

The ionic-shearing stress effect is shown in Fig. 10. We find that Fig. 4a in ref. 5
is also the small 7. /1, limit of this case.

We find that the higher value of 4, the larger is the electric force which causes
the electroosmotic effect and then the higher are the ionic fluid velocities. Because we
assume no frictional force between the walls and the fluids, also there is no counter
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AsL=10 Az vly)/ vos

T./Tp=16" 777 210" Bivolyl/ves
C:v lyl/ vpe

Fig. 10. lonic-fluid effect for the same system as in Fig. 9.

pressure to push the ionic fluid back, and then the ionic fluid velocities increase very
rapidly as Z; increases, i.e., the electric force due to the double layer becomes larger.
This is snown in Fig. 11. Then the closed-ended tube with the rough-walled case in
ref. 5 is not the limiting case of this calculation.

7./7,=16°
volyl/voq vyl vgs
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-1.0 0] 1.0 -1.0 9] 1.0

i
NS
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Fig. [ 1. Double-layer effect for the same system as in Fig. 9.
DISCUSSION

We have formally solved the problem of electroosmosis with the consideration
of ionic-fluid shearing stress. which was neglected in a previous paper®. The ionic-fluid
profiles v. have been calculated with corrected boundary conditions. The exact v
solutions are obtained by means of eigenvalue formulism in matrix form (see
Appendix).
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We have considered six cases with different boundary conditions:

(i) open-ended tube, rough walls to all three component fluids:

(i) closed-ended tube, rough walls to all three component fluids;

(iii) closed-ended tube, smooth walls to all three component fluids;

(iv) closed-ended tube, rough walls to the neutral solvent fluid, but open
ended with rough walls to both ionic fluids;

(v) closed-ended tube, smooth walls to neutral solvent fluid, but open-ended
with smooth walls to both ionic fluids;

(vi) closed-end tube, rough wall to solvent fluid, but open-ended with smooth
walls to both ionic fluids.

In the limit A,.L — oo, 7,/n, — 0, cases (i), (iv) and (v) will approach to the
results in ref. 5 except at the double-layer region near the wall. This is correct because,
in ref. 5, the boundary condition of ionic fluids at the wall was neglected and an in-
correct solution was obtained. By including the ionic-shearing stress effect and the
corrected boundary condition for ionic fluid, we obtain consistent results in the
double-layer region near the wall.

In order to obtain an analytical solution, we have made the approximation

ny A~ n. GY))
in the calculation of f, = v, — v,. This is a good approximation except inside the
double layer near the wall (see Fig. 2a in ref. 5). In practice, as the double-layer region
is very small, we expect that this would be a good approximation. However, this effect
can be calculated by means of a perturbation approach. It is expected that the profile
will be distorted in the double-layer region and does not change the fundamental
characteristics appreciably.

It is interesting to study this ionic fluid effect experimentally. Up to now, only
the solvent fluid motion has been observed!*. Component fluid motion has never
been observed or studied experimentally. One possible situation is that similar to the
case of a closed-ended tube with rough walls where all component fluids move to-
gether. However, other cases are also possible. Hence it is one purpose of this paper
to draw attention to the need to design suitable experiments in order to observe the
ionic fluid effects. Possibly some solutions with different ions of different colours
will be suitable for the experimental system.-

Because of the friction between component fluids, Joule heat would be gener-
ated, associated with the electric currents due to the moving charged fluids. This
effect will cause temperature inhomogeneities across the tube cross-section. The
assumption of homogeneous temperature in this paper therefore should be modified,
and this aspect will be discussed in subsequent papers.

APPENDIX

Mathematics of solving the component fluid equations
To obtain V (3), we substitute eqns. 19 and 20 into eqn. 24, and soIve by
simple integration:

P o
Viy)= 5= ~ cosh (i)

_ . 7 ’ A-1
PR Vs cosh().sL)TC (A-1)
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where
1 oLt .
g = — A2
Vs o il ( )
and
2n.e?
0 = —‘kBT gL (A-3)

is the charge concentration at the tube centre (y = 0). Here we have used geometric
symmetry: ¥ (¥) and f; ()) are even functions of y.
For mathematical simplification, we define the dimensionless quantities

V() = V() (A-4)
Fe (F) = f= ()/vs (A-5)
and
F=1/L (¥ <D (A-6)
where
= %f (A-7)
Nols~

Then the solution A—1 can be rewritten as

- cosh (A,LV)
a2 SLE) A-8
R cosh () T ¢ (A-8)

where C is a constant to be determined by the boundary conditions.
To obtain f. (y). we define the matrix

£/~ T+ (F)/vs
N L A-9
F® = o) (A-9)
In practice, we consider the high temperature limit
er) o elel oy (A-10)

CkgT T kT

For mathematical simplicity, we neglect the spatial variation of ionic concen-
tration in eqn. 18,

e (¥) =, (A-L1)

and from egns. 25 and A-9 we have the differential equation for f(§):

d 2
dy*

-f(MH=0f+R (A-12)
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where

0 =(Q+ S-)

S, O

P, — py — g\ L?
R =<pi—£3+3i)z

Si = "o"cfi-Lz/ﬂo

Qi=(,’77:+1)si

Pa =an/,]a ((Z=O,+, _)

and
g. = eEn.n;

To solve eqn. A~12, we first solve the following eigenvalue equation

2

I

e a

Qe

We obtain the eigenvalues

v

[Q: +O_ = (Qy —O0_)Y +45,.5_]

e
i+
I

N ==

and the eigenvectors

=5 %) e =25 0)

Then if we define the matrix

*_0. S
U=@s =)= (8+ S¢ —el 4 Q-)
we have
o=u(y 0 U

Then eqn. A-12 can easily be solved, and we obtain the solution

- ip . yricoshe.F O AL
fG)=—Q 'R~ U( 08 ’ cosh e__i?) (A_)
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(A-13)

(A-14)
(A-15)
(A-16)

(A-17)

(A-18)

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

where A, and A_ are constants to be determined by the boundary conditions.
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